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Abstract 

We verify explicitly that UV/IR mixing for noncommutative gauge theory 
can be understood in terms of an induced gravity action, as predicted by the 
identification [1] of gravity within matrix models of NC gauge theory. More 
precisely, we obtain the Einstein-Hilbert action by integrating out a scalar 
field in the adjoint. It arises from the well-known UV/IR mixing of NC gauge 
theory, which is carefully re-analyzed and interpreted in terms of gravity. The 
matrix model therefore contains gravity as an IR effect, due to UV/IR mixing. 
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1 Introduction 

The idea that gravity should be related to quantum fluctuations of space-time at the Planck 
scale is very old. Recently, a specific and concise realization of this idea has been proposed 



under the name of "emergent (noncommutative) gravity". The basic observation is that 
noncommutative (NC) gauge theory, defined through matrix models, contains a specific 
version of gravity as an intrinsic part, and provides a dynamical theory of noncommutative 
spaces. Such a connection between gravity and NC gauge theory was first observed in 
[2], and pushed further in [3] from a somewhat different point of view; see also [4] for 
subsequent work. A concise form of this idea was then given in [1] using the framework of 
matrix models. The essential point is a new, geometrical interpretation of the U(l) sector 
of the standard matrix model action for NC gauge theory. This provides a specific form for 
the effective metric G ab in terms of a dynamical Poisson structure 6 ab , which completely 
absorbs the "would-be U(l)" gauge fields of NC gauge theory. The correct gravitational 
coupling of the nonabelian gauge fields was also established in [1]. 

One of the particularly exciting aspects of emergent NC gravity is that it provides 
a simple prescription for the quantization of gravity, being realized as NC gauge theory 
resp. Matrix Model. In particular, it was pointed out in [1] that the Einstein-Hilbert 
action will be induced upon quantization, and that it should amount to the notorious 
UV/IR mixing in noncommutative gauge theory. This prediction is supported by the fact 
that both gravity and UV/IR mixing occur only in the U(l) sector of NC gauge theory. 
It should also explain the strange IR behavior [5] of the "would-be photons" : they are not 
photons but gravitons defining a non-trivial geometric background. More precisely, the 
"would-be U(l) gauge fields" are re-interpreted in terms of geometry and absorbed in the 
effective metric. This metric then couples to all other fields, which explains why the U(l) 
sector of NC gauge theory cannot be disentangled from the 577 (n) sector. 

In this paper, we elaborate and verify this explanation of UV/IR mixing in terms of 
gravity. This provides not only a nontrivial consistency check for emergent NC gravity, 
it also paves the way towards its quantization. We will perform a one-loop quantization 
of a scalar field coupled to the matrix model of NC gauge theory resp. gravity in two 
different ways. In the geometrical point of view, we interpret the action as scalar field 
coupled to gravity, which leads using standard arguments to an induced Einstein-Hilbert 
action. Second, we use the more conventional interpretation of the same matrix model 
in terms of NC gauge theory, where integrating out the scalar field leads to an effective 
action for the NC gauge fields involving the well-known UV/IR mixing terms [6]. These 
two computations should agree at least in the IR regime, where the geometrical picture is 
expected to make sense. We then show in detail that the Einstein-Hilbert action indeed 
coincides with the effective action for the gauge fields, using the relation between gauge 
fields and the metric given in [1]. This holds in the IR regime assuming a suitable effective 
cutoff A < Knc, where it completely captures the UV/IR mixing. In fact we need to 
carefully re-analyze the UV/IR mixing terms in this regime, which has not been done in 
the literature so far. 

As a result, we obtain not only a non-trivial check for the basic mechanism of emer- 
gent gravity, but also an understanding of UV/IR mixing in NC gauge theory. The latter 
has been the main obstacle for the physical application of NC gauge theory, because the 
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physical behavior of the trace-C/(l) sector forbids an interpretation as a photon. Thus 
the present point of view opens the way towards the physical application of NC gauge 
theory resp. the matrix model, and moreover suggests a new approach towards the quan- 
tization and unification of gravity and gauge theory. In particular, the effective cutoff 
is related with the gravitational constant, rather than requiring renormalizability in the 
traditional sense. This could be realized naturally in a SUSY extension of the model under 
consideration. 

It is interesting to compare our explanation of UV/UR mixing in gauge theory with 
previous work in the context of string theory, where UV/IR mixing on a brane with B- field 
background was related to the exchange of closed string modes in the bulk [18, 19]. While 
there are some parallels in the sense that gravity modes are involved, our explanation is 
certainly simpler and works within the 4-dimensional framework, without additional string 
modes in some higher-dimensional bulk. Nevertheless, it might be helpful to understand 
better the relation between these different points of view. Evidence for 4-dimensional 
gravitons in a quite similar context as ours has been found previously in [28] , which is also 
related to UV/IR mixing. 

The paper is organized as follows. We start in section ^ with a recollection of the basic 
mechanism how geometry and gravity emerges from a matrix model of NC gauge theory. 
Only U(l) is considered for simplicity. Integrating out a scalar field leads to an induced 
gravity action as explained in section [| We then reconsider the same model from the 
point of view of NC gauge theory in section |j. The geometrical quantities and the induced 
Einstein-Hilbert action are then expressed in terms of U(l) gauge fields. In section [5], we 
perform the quantization from the gauge theory point of view, carefully re-analyzing the 
effective action and UV/IR mixing to 0(A 2 ). We find indeed complete agreement with the 
geometrical point of view in a suitable IR regime. Correction terms to the Einstein-Hilbert 
action are found upon extending this IR regime. 



2 Matrix models and effective geometry 

Consider the matrix model with action 

S YM = -Tr[Y a , Y b ][Y a ' , Y b '}g aa ,g w , (1) 

for 

9aa> = <W OT g aa < = l] aa < (2) 

in the Euclidean resp. Minkowski case. While some mathematical aspects of this paper 
apply mainly to the Euclidean case, we keep the notation general so that the Minkowski 
case is covered as well at least formally. The "covariant coordinates" Y a , a = 1, 2, 3, 4 are 
hermitian matrices, or equivalently operators acting on a separable Hilbert space Ti. We 
will denote the commutator of 2 matrices as 

[Y a , Y b ] = i6 ab (3) 
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so that 9 ab G L(7i) is an antihermitianF] operator- valued matrix, which is not necessarily 
a multiple of 1^. We focus here on configurations Y a (which need not be solutions of the 
equation of motion) which can be interpreted via @ as quantizations of a Poisson manifold 
(A4, ab {y)) with general Poisson structure 8 ab (y). This defines the geometrical background 
under consideration, and conversely essentially any (local) Poisson manifold provides a 
possible background Y a [7]. More formally, this means that there is an isomorphism of 
vector spaces 

C(M) ^Ac L{H) (4) 

where C(M) denotes some space of functions on M., and A is interpreted as quantized 
algebra of functions^] on M.. The map (f|) can be used to define a star product on C(M). 
Furthermore, we can then write 

\f,g]~i{f(v),g{v)} (5) 

for f,g G A, where ~ denotes the leading term in a semi-classical expansion in 9 ab , and 
{/, g} the Poisson bracket defined by 8 ab (y). Y a can be interpreted as quantization of a 
classical coordinate function !/ a on jM. More importantly, Y a defines a derivation on A 
via 

[Y a J)~i6 ab (y)d b f(y), fEA. (6) 

In this paper, we restrict ourselves to the "irreducible" case, i.e. we assume that the 
centralizer of A in TC is trivial. Then any reasonable matrix ("function") in L(7i) can be 
well approximated by a function of Y a . From the gauge theory point of view in section |], 
it means that we restrict ourselves to the u(l) case; this is the case of interest here since 
the UV/IR mixing happens in the trace-u(l) sector. For the general case see [1]. 



In order to derive the effective metric on A4, let us now consider a scalar field coupled 
to the matrix model ([I]). The only possibility to write down kinetic terms for matter 

S = Sym + S[<&) where 



fields is through commutators \Y a 1 $] ~ i9 ab {y)-S- E ^ using (j6|). Thus consider the action 



S[$] = -(2n) 2 Tr^g aal [Y a ,mY a ' >] 

dS P {y)\G«\y)^{y)^{y). (7) 



Here ~ indicates the leading contribution in a semi-classical expansion in powers of 8 ab , 
and 

G ab {y) = 6 ac {y)6 bd {y)g cd (8) 

is the effective metric on M. in y coordinates, ds 2 = G a b(y) dy a dy b . It plays indeed the 
role of a gravitational metric, because it enters in the kinetic term for any matter coupled 



1 in contrast to the conventions in [1] 

2 Roughly speaking A is the algebra generated by Y a , but technically one usually considers some 
subalgebra corresponding to bounded functions. 



3 



to the matrix model (up to certain density factors). This result also holds for nonabelian 
gauge fields as shown in [1] and for fermions [8]. The density factor 

p(y) = | detG ab (y)r = (det^(y))- 1 / 2 = A% c (y) (9) 

is the symplectic measure on (A4, 6 ab (y)), which can be interpreted as "local" non- 
commutative scale Anc- We will assume in this paper that 6 ab (y) is nondegenerate. Notice 
that the action (|7]) is invariant under Weyl rescaling of 6 ab (y) resp. G ab (y). We can there- 
fore write the action as 

Sm = J d A y\ G ab (y) d ya ®(y)d yb $(y) = J d 4 y ^J\G~^\ ~ $(y)A & $(y) (10) 

where Aq is the Laplacian for the unimodular metric 

G ab {y) = (detG ab )^G ab (y)=A% c (y)G ab (y), 
detG ab = 1. (11) 

We will often use G ab ; it is important to remember that it is unimodular only in these y 
coordinates. 

Therefore the Poisson manifold M. naturally acquires a metric structure 
(A4 , 9 ab (y) , G ab (y)) , which is determined by the Poisson structure and the constant back- 
ground metric g a b as above. Note also that 6 ac (y) can be interpreted as a preferred frame 
or vielbeinP], which is however gauge-fixed and does not admit the usual local Lorentz resp. 
orthogonal transformations. This means that we consider a restricted class of metrics and 
associated coordinates, where the role of the diffeomorphism group is replaced by the 
symplectomorphisms respecting ab (y). For a related discussion see [3]. 

A linearized version of ( |TTD was obtained using a similar reasoning in [2], and the 
full Seiberg-Witten expansion was given in [9] for the case of scalar fields. However the 
universal role (up to density factors resp. conformal rescaling) of (||) resp. (|ll|) was only 
recognized in [1]. Note that this metric is not the pull-back of g ab using the change of 
coordinates (|21|), and it is indeed curved in general^. It is also easy to see that in 4 
dimensions, one cannot obtain the most general geometry from metrics of the form (|J). 
However, one does obtain a class of metrics which is sufficient to describe the propagating 
( "on-shell" ) degrees of freedom of gravity, as well as the Newtonian limit for an arbitrary 
mass distribution. This is discussed in [1] and will not be repeated here. We only point out 
that the metrics come in a special gauge, which is sufficient of course. The 2 propagating 
degrees of freedom (helicities) of gravitational waves are recovered from the 2 propagating 
helicities of u(l) gauge fields, taking advantage of the Poisson tensor 6 ab {y) (|38|). 



3 Whilc there are parallels with ideas in [10], the specific mechanism and the geometry here is different. 
4 This is in contrast to the metrics h a {, considered in the context of the DBI action [3] which are flat; 



this will be discussed in section 4.2 
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Equations of motion. So far we considered arbitrary background configurations Y a as 
long as they admit a geometric interpretation. The equations of motion derived from the 
action (|J) 

[Y a ,[Y a ',Y b }]g aa , = (12) 

select on-shell geometries among all possible backgrounds, such as the Moyal-Weyl quan- 
tum plane fl2"2"|). In the present geometric form they amount to Ricci-flat spaces R a b[G] ~ 
[2] at least in the linearized case. However since we are interested in the quantization here, 
we have to consider general off-shell configurations below. 

3 Quantization and induced gravity 

Now consider the quantization of our matrix model coupled to a scalar field. In principle, 
the quantization is defined in terms of a ("path") integral over all matrices Y a and $. 
In 4 dimensions, we can only perform perturbative computations for the "gauge sector" 
encoded by Y a , while the scalars can be integrated out formally in terms of a determinant. 
Let us focus here on the effective action obtained by integrating out the scalars, 

e~ r * = J d<$>e- s[q,] (13) 

which for non-interacting scalar fields is given by 

r. = liuog . (14) 

Here Aq is the Laplacian of a scalar field on the classical Riemannian manifold (A4, G ab {y)) 
with action (|H]). Later, we will consider an alternative interpretation as Laplacian of a 
scalar field on Rf coupled to an adjoint U{\) gauge field. In Feynman diagram language, 
(|T4|) will then amount to the sum of all one-loop diagrams with arbitrary numbers of 
external A-lines. The subject of this paper is the comparison between these 2 different 
computations of once from the point of view of gravity (0), and once from the point of 
view of NC U(l) gauge theory fl26|). This will provide an interpretation and understanding 
of the UV/IR mixing for NC gauge theory in terms of an induced gravitational action 
(Einstein-Hilbert) . 

Induced gravity. We first focus on the geometric point of view. We want to compute 
the one-loop effective action T$ in terms of these classical geometrical data (which will 
later be expressed in terms of classical U(l) gauge fields A a (x)). For this we write 

^(log^-log-Ao) ~ _Tr^^(e-^ A c-e-^ Ao ) 
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where the small a divergence is regularized using a UV cutoff A, indicating that it is a 
cutoff for A G . Now we can use the heat kernel expansion, 

^ 4aAe ~E(5 ¥ / A^Mh.Ag) (16) 

n>0 1 JM 



where we can drop the measure \l det G = 1. The a n (y, A G ) are known as Seeley-de Witt 
(or Duhamel) coefficients, which for the action fllCf ) are given by [11] 



ao(y) 



IGir 2 ' 

*M = lebG^), 

<>4(») = y^j 3^ (12A/ + 5J? 2 - 2J?„„J?"- + 2S^ff"") , (17) 

for the scalar case under consideration here (where £ = and det G = 1 in [11]). Thus we 
obtain 



l — J d% (-2A 4 -^[G]A 2 + 0(logA)) 



16vr 

Recall that in general relativity, the term S const ~ / rf 4 y \/G A 4 corresponds to a cosmo- 
logical constant, and its bad scaling behavior usually poses a major problem. Here we 
have detG = 1, which suggests that this term is essentially trivial. While this argument 
alone is not quite conclusive, we will find additional strong evidence that the cosmological 
constant problem is either absent or at least much milder in the present framework. This 
would be great news, and will be discussed later. In particular, ( |18|) suggests that the 
effective Newton constant is given by the effective cutoff 

i~A 2 . (19) 

The curvature scalar R[G] for the unimodular metric G ab can be expressed in terms of the 
curvature scalar R[G] for G ab using 

R[G] = p(y)(^R[G}+3A G a-^G ab d a ad b a 

tab; 



A G a = G ab d a d b a-T c d c a, 

be i 



p(y) = (det G ab )V\ (20) 
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4 Geometry from u(l) gauge fields 



4.1 Moyal-Weyl point of view. 

Let us now rewrite the geometric action (|7]) in terms of the u(l) gauge fields on the flat 
Moyal-Weyl background M.g with generators X a . This means that we consider "small 
fluctuation" 

Y a = X a + A a (21) 

around the Moyal-Weyl generators X a , which are solutions of the equations of motion (|T2|) 
and satisfy 

[X a , X b ] = i6 ab . (22) 

Here 9 ab is a constant antisymmetric tensor. More precisely, we assume that the hermitian 
matrices A a = A a {X) ~ A a {x) can be interpreted (at least "locally") as smooth functions 
on Mi. Note that the effective geometry (H) for the Moyal-Weyl plane is indeed flat, given 
by 



g ah = 


e ac e bd g cd 


~g ab = 


^ NC 9 ab 


P = 


det^fel 1 



(23) 



Consider now the change of variables 

A a (x) = -6 ab A b (x) (= i6 ab iA b ) (24) 
where A a is hermitian. Using 

[X a + A a , /] = *0 ab (^- b f + i[A b , /]) = i9 ab D b f, (25) 
the action (0) can be written as 

= Tr-^r' c W (^$ + ^[A fc ,$])(— ® + i[A c ,$}) 

d * X P \ r ^ + l[A - m ^ + l[Ab ' $]) 
= J d 4 x h} ab D a $D b $ = J d A x l - $A A $ (26) 

where we define 

A A = -g ab D a D b = -p [Y a , [Y a , .]] (27) 
using fl2"3"|). Note that these formulas are exact if interpreted as noncommutative gauge 

d 
dx a 

gauge field A a (x). 



theory on Mi, where D a = -J^ + i[A a , .] is interpreted as covariant derivative with u(l) 
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4.2 Tensors and coordinate transformation y — > x 

Let us discuss the tensorial nature of the geometric objects and some associated subtleties. 
The basic object is the dynamical Poisson structure 6 ab (y) given by ([3]), which is a rank 
2 tensor in y coordinates and satisfies the Jacobi identity 6 ad (y)d y d6 bc (y) + cyclic = 0. 
Similarly, the effective metric (|31|) as well as g a b are tensors in y coordinates. The coor- 
dinate system defined by the covariant coordinates Y a resp. y a is the natural one for the 
geometric point of view and hence for gravity. 

On the other hand, using the u(l) gauge theory point of view and the change of 
variables fl24|) we can express the Poisson tensor in terms of the u(l) field strength as 

id ab (Y) = [Y a , Y b ] = i9 ab - i9 ac 9 bd F cd . (28) 

Here F a b = d x aAb — d x bA a + i[A a ,Ab] is a rank 2 tensor in x coordinates on Rg. This 
relates the Poisson tensor ab (y) in y-coordinates with the field strength tensor F cd in 
^-coordinates, where 

y a = x a - 9 ab A b . (29) 

In order to avoid confusion we will denote all x-tensors with a bar in this section, and 
write 

we will drop the bar in later sections if no confusion can arise. Similarly, the induced 
metric G ab in y coordinates can be written in terms of the u(l) gauge fields as 

G ab (y) = 9 ac (y)6 bd (y) g cd = (6 ac - 6 ae 6 ch F eh )(9 bd - 9 bf 9 d9 F fg )g cd . (31) 

Notice that while F a b and 6 a b are tensors in x coordinates, G ab is a tensor in y coordinates. 
Therefore if we want to compute e.g. Christoffel symbols, we must be careful to implement 
the change of variables (|29|) , so that 

|£ = 5l-9°*d h A c = 5 a b -V b \ 
V b a (x) = 9 ad d b A d (x) (32) 

and 

F)t c f) — — 

d ' = W°^ Kd ° + v ° s < (33) 

to leading order. The Jacobian is given by 



dy a 



dx b 



\5 a b -V b a \ = l-9 ac -^ + 0{9 2 ) 
ox a 

l- l -9 ac F ac + 0{9 2 ). (34) 



This result holdsQ even to 0(A 2 ) using 

5 even if one would include the 2nd order term in a Seiberg-Witten expansion [12]; however, using 
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Metric and Poisson tensor Let us now consider the coordinate transformation x a — > 
y a fl29|) for some of these tensors. It is easy to see using (|28|) that the Poisson tensor 6 ab (y) 
on y-space is related to 9 ab on x-space M.q using the diffeomorphism x a — > y a to leading 
order in 6: 

e a \ y ) = (i + v) a a ,{t + v) b ,e a ' b ' + o(6 3 ). (35) 

This means that x a can be interpreted as (local) Darboux coordinates for 6 ab (y), at least to 
the leading (semi-classical) order considered here. The relevance of Darboux coordinates 
for emergent gravity has been emphasized in [3] in the context of the DBI action; see 
also [13,14] for related discussion. However, the effective metric G ab {y) (|8|) is not obtained 
from either g ab or g ab on M.q in this manner: 

G ab (y) = 6g6 T = (1 + V)6(t + V) T g(l + V)6(t + V) T ^ (1 + V)g(l + V) T (36) 

even to leading order. In particular, detG afe = (det(l + V)) 4 detg ^ (det(l + V)) 2 detg. 
This is essential, since otherwise G ab would be diffeo-equivalent to a constant metric and 
hence be flatQ. 



4.3 Rewriting the gravity action on 



We will now rewrite the action T$ (18) in terms of gauge fields on M.g to 0(A 2 ). The 
metric ( pT|) is given by 

Q ab = (gov _QaeQchp eh ^Qbd_QbfQdg p fg )g cd 

= g ab -h ab (37) 

where 

h ab = _gad p^Qfb _Qaf p^-bd _Qae p eh -hg p^Qfb 

= -g ad F d fO fb -O af F fd g bd + 0(A 2 ) . (38) 

This gives the linearized fluctuation resp. graviton in terms of the u(l) degrees of freedom. 
The linearized version was essentially found in [2]. 

An immediate but important observation is that the contributions linear in A to the 
one-loop effective action vanish identically. This holds because the metric fluctua- 
tions h ab are given by derivatives of A a , which vanish under the integral j d 4 y at 0(A) due 
to Stokes theorem. From the gauge theory point of view, this amounts to the fact that the 
vacuum A = is stable under quantization, i.e. the tadpole contributions vanish. This 



the SW expansion for A is not appropriate here because we want to compare with the results of the 
non-expanded NC gauge theory. 

6 In particular, this clarifies that the metrics h a i, discussed in the context of the DBI action [3] do not 
contain the gravity described here, and are not equivalent to the effective metric (^|) which governs the 
matrix model. 
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implies that flat space Y a = X a is a solution of emergent gravity even after quantiza- 
tion. Moreover, the same is expected to hold to all loops (using the gauge theory point of 
view). This observation is very significant, because it is strongly violated in the context of 
general relativity due to the induced cosmo logical constant term ~ J d 4 yA. 4 \J\g~\: in GR, 
flat space can only be preserved by very precise fine-tuning of the bare cosmological con- 
stant. This is the infamous cosmological constant problem. We see here strong evidence 
that in the context of emergent gravity from matrix models, this problem appears to be 
resolved or at least much milder. The basic reason is the constraint on the space of 
metrics. 

In order to compute the determinant of the metric, the following form is more useful 

G ab = g ar ft + F rf ¥ b + g r J a 'f F fd g db + g r J a ' e F e ht 9 F g fQ Sb ) 

= g ar & + Xr) ■ (39) 
To compute the determinant, we use 

det(l + X) = 1 + trX + - {{trX) 2 - tr(X 2 )) + 0(X 3 ) . (40) 

From fl37|) we have 

TrX = -2F rf 9 r f -g^F eh g h9 F gf (41) 
using 9^ b g ba 9^' a = g^ , and one obtains 

= l-2F r/ ^ + 2(F r/ ^) 2 -F rf 9f b F bf 9f'r (42) 

to 0(A 2 ). This can be simplified further in the effective action where we can use partial 
integration at this order. Using 

J d 4 xF rf 9 fb F bf ,9 f ' r = J d 4 x^F rf ,9 rf 'F bf 9 bf (43) 

det(G afe ) = det(g ab ) (l - 2F rf 9 rf + ^(F rf 9 rf ) 2 ^j . (44) 
e a = (detG ab ) 1/4 = det(g ab ) 1/4 (l - ^F rf 9 rf + 0(# 3 )), (45) 



we can write 



This gives 



hence 



and 



a = i log det(^) - \F rt pt - \{Fr f 9 rf ) 2 (46) 
g ab d a ad b a = ^g ab d a (Fr f 9 rf )d b (F r/ r 6 r ' f ') . (47) 
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noting that d a = d y a = d a to this order. We also need 

A G a = -G ab d a d b a + T c d c a = --L= d c (^G^ b G cd d d o) . (48) 

V Gab V J 

To evaluate this, we need 

Vdet G ab = V^hb (1 + ab F ab ) + 0(A 2 ). (49) 

Therefore 



A G a = --±=d c (^ b G cd d d a 



yGab 

= _(i _ 6 ab F ab )(d c + Vfi) (G cd (l + 6 ab F ab )(8 d + Vjd^a) + 0(A 3 ) 

= -B c (g c Xdi°) - v l A (g cd d d v) - (i - e ab F ab )d c (G cd (l + e ab F ab )d d a) 

= -^dtA^a-d^d^ + e^Fa^a + d(0(A 2 )) 

= - l -e ab F ab d c B c F de 6 de + l -m c F de Q d * (50) 

to the order required, omitting total derivatives of order 0(A 2 ) but not of order 0(A). 
Note that we used fl33|) in the 2nd line. Therefore 



3A G <7 — ^-G ab d a ad b a = \d a d a F rf 6 rf - \F rf d rf d a d a F r , r 6 r ' s ' . (51) 



4.3.1 Ricci tensor and scalar curvature 

We recall the standard definitions: 

T e ab = ^G ce (d a G bc + d b G ca -d c G ab ), (52) 
R-abc = B b T d c — d c T d b + r^T^ — T s ab T d c , (53) 

Rac = RL, (W) 

R = G ab R ab . (55) 
These are tensors in y coordinates. The effective metric is 

G ab = -ab _ h ab ^ 

with h ab given by (|38|). The inverse metric is given by 

Gab = (jab + hab - h ac h c a + ... , (57) 

9ab = tfXa 1 = (58) 
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with Q ac Q c l = 5%, yielding the identity 

e ah g bc e dc = g ad . (59) 

Indices are shifted with the metric g ab and its inverse. Therefore we obtain for the pertur- 
bation h ab : 

h ab = g a cg bd h cd = -g b J uh F ha - g a J uh F hb - g ac g bd e df 6 ce g h9 F eh F fg . (60) 

The terms of second order in 9 in h ab and h ab contribute to the gravity action only to order 
higher than 0(A 2 ) (using partial integration) and can be dropped here. 

When computing these quantities we must be careful to take into account the change 
of variables x — > y (^) . For the Christoffel symbols we get 

r kl = ^(g im (B l + V l c d c )h mk + g im (d k + V k c d c )h ml -g m (d m 

-h^dthrrt - h m B k h ml + h im B m h kl + d(0(A 2 )i 
=: ri t + g^Vfdch^ + g^dch^-g^V^dchu (61) 

to 0(A 2 ), defining the auxiliary object T kl . To second order in A the curvature tensor also 
picks up additional terms upon rewriting d a with d a , and we have 

jdcL Q pd o pd _|_ ps pd ps pd 

- rt a6c ~ u b L ac u c L ab ' 1 ac 1 sb 1 ab 1 sc 

= B b r d ac + v b e B e r d ac - B c r d ab - v c %r d ab + r ac r d sb - r ab r d sc 

= B h t d ac + v:BSt-B c t d ab -v:BSib + KJib-Kb^t +d(0(A 2 )) (62) 

where we omit 0(A 2 ) terms which are total derivatives, since we are only interested in the 
action to 0(A 2 ). Using partial integration we can write 

vfBSt - vfdSIb = ef BbA f B e T d ac - Q eS B c A f B e r d ab = Vf 6/ {B b v d ac - B c T d ab ) 

= \0 ed FedR a l b ] * (63) 

so that 

RL = B b T d ac - B c T d ab + r ac T d b - r ab f d sc + l§*fF ef R a l d (64) 

to 0(A 2 ). We can compute the Riemann tensor as an expansion in the metric perturbation 
h 

r>d _ r>(l)d , p(2)d , 

The first order term is 



Rill" = \g dm B b B a h mc - \g dm B b B m h ac - \g dm B c B a h mb + \g dm B c B m h ab . (65) 
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We can now compute the second order term of the Riemann tensor: 

-\ (g sm d b h ma + g sm B a h mb - g sm B m h ab ) (g dn B c h ns + g dn B s h nc - g dn B n h sc 

+\0 fe F fe R { ^ (66) 

omitting 0(A 2 ) terms which are total derivatives. A suitable contraction gives the 2nd 
order Ricci tensor 

Rac = ~^9 sm 9 dn {pchmaddhns + B c h ma B s h nd — B c h ma B n h sd + B a h mc B d h ns (67) 

~\~d a h mc O s h nd d a h mc d n h s( i d m h ac O d h ns d m h ac o ^sh nd 
~\~d m h ac O n h sd d d h ma O c h ns d d h ma O s h nc B d h ma O n h sc 
Bahmddchns B a h md O s h nc -f- d a h md O n h sc -\- d m h ad d c h ns 

+B m h ad B s h nc - B m h ad B n h sc ) + -B fe F fe R a ]). 



2 

Using partial integration this can be written as 

= B s B {a h c)s -^B a B c h-^B d B d h aC} (68) 
R a 2 J = \h uv B a B c h uv -h m(a B c) B m h + h ac B c B c h (69) 
+\h am B m B d h dc - h™B c B c h mc + F fe r£> 

B( a h c)s = ^(B a h cs + B c h as ) . 

The Ricci scalar R = G ab R ab = + R { ^ = g ab R { ^ + ( - h ab R^ + g ab R { ^) contains the 
contributions 



where 



R d) = g^ R ^ = B a B c h ac -B c B c h, (70) 
9 ab Rab = -\h ac B a B c h + hB c B c h + h c a B a B s h sc - h ac B c B c h ac + V e F fe 
h<*R { £ = -\g ma rFr m B 2 F ca --F n ^ (71) 



using ( |113| ) and partial integration, where 

B 2 = B a B b g ab . (72) 

One easily computes in a similar way 

h = g cd h cd = 29 ab F ab + 0(A 2 " 



B a B b h ab = B a B a 9 uh F uh + 0(A 2 ) (73) 
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so that 

R w = -B a B a e uh F uh . (74) 

The contributions to g ab R a 2 b are of the following form: 

d 4 xh ac d a d c h = - J d 4 x9 ab F ab d c d c 6 cd F cd , (75) 

i J d 4 xhd c d c h = J d 4 x6 ab F ab d c d c 6 cd F cd , (76) 

J d 4 x h c a d a d s h sc - h ab d c d c h ab = j d 4 x {h ab F ab B c d c 6 cd F cd + l -g ah 9 mr F hm d 2 F r )j . 

(77) 

Collecting these terms, we find 

J d 4 xR^ = J d 4 x (^-e ab F ab d c d c e cd F cd + \g ma g hr F hm d 2 F r )j . 

We can finally write down the one-loop induced action (IT 



r * = TeV / d4y (" 2A4 " \ p{y) ( R[G] + 3Ag(T " \ GabdaCrdba ) R2 + °( lo s A )) 

= ^ | d 4 y ( - 2A 4 - ip(y) (^ ffl «9 a ^F u , + ^g ma g hr F hm 8 2 F ra ^J A 2 + O(logA)) . 

(78) 

In order to compare this with the gauge theory computation on M. 4 , we have to rewrite 
this action on x space. There is a subtlety concerning the cutoffs: A is the effec- 
tive cutoff for Aq, which acts on the Hilbert space of function with inner product 
(/><?) — / d 4 y f(y)*g(y). On the gauge theory side, we have an effective cutoff A for 
A a = p [Y a , [Y a , .]] (|27|) which acts on the Hilbert space of function with inner product 
(1, 9) — Trf*g = J d 4 y p(y)f(y)*g(y). To understand the relation between Aq and A^ 
we can write the action in 2 equivalent ways (adding a mass term for clarity) 

S[$] = jd^K- <H* (G ab (y)d yb <l>) + p(y)m 2 $ 2 ) = J d 4 y 1 (^A^ + p(y)m 2 $ 2 ) 

= Tr^(-$[F a ,[y a ,<l>]]+m 2 $ 2 ) = f d 4 y ~ ^ ($A A $ + pm 2 $ 2 ) . (79) 

This means that 

Ag = ^A a (80) 

in y coordinates (the gauged kinetic term Aa is usually written in x coordinates, but 
expressed in y coordinates here), which reflects the use of the rescaled metric G (|TTJ). 
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Since we implement the cutoffs using a Schwinger parameter as in ( |15|) resp. (94|), this 
means that the effective cutoffs are related as 



A 2 = ^A 2 . 
P 



Such a "local cutoff" makes sense provided ^y- varies only on large scales resp. small 
momenta p < A, which is indeed our working assumption. The same conclusion is found 
using a Pauli-Villars regularization (or in a softly broken super symmetric setting), where 
the mass m ~ A in (|79f) plays the role of the cutoff. Noting that 



d 4 yp(y) = d*xp , 

<M = (^) 1/4 = 1 + >^ + W v (82) 

p V det / 2 4 

we finally obtain 

r * = lt^ j ' ^ (- 2A4 ( 1 + i( F ^) 2 ) - P^ ab Fabd a dJ uh F uh + g ma f r F hm d 2 F ra ^ 
+0(logA) +0(A 3 )] (83) 



dropping terms which vanish under the integral. This has precisely the form obtained 
from UV/IR mixing (|110 ) in the gauge theory approach. 



5 Comparison with UV/IR mixing 

In this section, we compare the result of the previous section with the one-loop effective 
action from the gauge theory point of view. The result is of course the same, but the 
gauge-theory computation sheds new light on the conditions to which extent the semi- 
classical analysis of the previous section is valid, and allows to compute corrections to 
(|18|). In particular, we find indeed - as predicted in [1] - that the well-known but thus far 
mysterious UV/IR mixing terms in the effective action for NC gauge theory are precisely 
given by the induced gravity (=Einstein-Hilbert plus A 4 term) action fll8|) , in a suitable 
IR regime. More precisely, this holds provided 

P A<A 2 NC (84) 

which amounts to "mild" UV/IR mixing. In particular, we need an explicit, physical 
momentum cutoff A, which should typically be of order A < Ajvc for the above regime to 
be physically interesting. In that case, (|8~4D follows from 

V < a nc, (85) 
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which is very reasonable range of validity for the classical gravity action. Such a cutoff 
A < A NC could be provided e.g. by a softly or spontaneously broken supersymmetric 
completion of the model, which will be discussed later. Dimensional regularization, on the 
other hand, does not appear to be useful here. 

Even though the one-loop effective action for NC gauge theory has been computed in 
many places [5,6,15-17], the results given in the literature are not sufficiently precise in 
the IR limit for our purpose. The point is that we need to analyze carefully the IR regime 
of the well-known effective cutoff A e ff(p) ( |101| ) for non-planar graphs as p — > 0, keeping 
A fixed. In other words, we consider the regime where the non-planar diagrams almost 
coincide with the planar diagrams, and keep the leading NC corrections. This corresponds 
precisely to the leading semiclassical terms inherent in e.g. (|]). This regime has not been 
considered in previous attempts to explain UV/IR mixing, e.g. in terms of exchange of 
closed string modes [18]. 

To understand the need for an explicit cutoff A, it is instructive to consider a regu- 
larization of M.g given e.g. by fuzzy tori [20] or fuzzy CP 2 resp. S 2 x S 2 [21]. One then 
typically finds in addition to the NC scale A^c explicit UV- and IR cutoffs, 




a ^ = Vm <k Knc = s\ <k Auv = fT (86) 

where N is related to the dimension M of the matrices (typically M ~ iV 2 in 4D). Note 
that Ayy = oo for R|. This type of fuzzy regularization does not suffice here; if we set 
A = Ajjv, then fl84|) together with the condition (|86|) for the semiclassical regime would give 
P < Am, which leaves no room for interesting physics. Then the geometrical action (|18| ) 
would have to be replaced by a strongly non-commutative one, which would presumably 
lead to new phase transitions and new phenomena such as striped phases [22,23]. In this 
paper, we focus on the semi-classical regime 



5.1 One- loop computation 

Consider now the action ( |2T)| ) for a scalar coupled to the u(l) gauge field, written in 
Moyal-Weyl space so that 9 ab = const. We can cast the action in the form 

S^} = j d 4 x^~g ab (d a + ig[A a ,.])^(d b + ig[A b ,.})^ + ^m 2 $ 2 = S [$] + S int [$], 

So[$] = J d 4 x^~g ab daW + ^m 2 ^ 2 (87) 

with the unimodular metric g ab defined in (^3]). We introduced an explict coupling constant 
g and a mass m hereQ. The propagators will involve the metric g ab , and we will write 



7 following the conventions of section ^] we should actually write pm 2 , but we absorb p in m 2 here. 
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k 2 = kikjg lj (88) 

from now on. We need the 0(A 2 ) contribution to the 1-loop effective action obtained by 
integrating out the scalar $: 

e- r * = ^exp ( - J d'x (igdaftAt, <P}g ab ~ y [A a , 0] [A b , <P]~g ab )) \ • (89) 

While this has been considered several times in the literature, the known results are not 
accurate enough for our purpose, i.e. in the regime p 2 ,A 2 < A 2 NC where the semiclassical 
geometry is expected to make sense. We therefore compute carefully 

= ilrlogAo-^/y d A xid a ct>[A bl <P\~g ab J d 4 y id a 0[A b , <P]~g ab 

~ (J d A x [A a , ( j ) )[A h ,cj>]~g ah 

= ^TrlogAo + r^ + r^. (90) 
The contribution from diagram a) in figure [IJ is given by 



r (i) 



Figure 1: 

d 4 k Ak a k b + 2k a p b + 2p a k b + p a p b 



(2tt) 4 (k ■ k + m 2 ) ((Jfc + p) ■ (k + p) + m 2 ) 



,(1),P L r (l),JVP 



+ T^. (91) 



The contribution from diagram b) in figure || is given by 

= T^ P + T^ NP . (92) 
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Figure 2: 

As a small check, note that the planar and nonplanar parts cancel for 8 = 0, because $ 
is in the adjoint and decouples for 9 = 0. 

As explained above, in order to compare this with the induced gravity action ( |18|) we 
must regularize these divergent integrals using a momentum cutoff A. We will do this here 
"by hand" using a suitable cutoff for the Schwinger parameters. This procedure is appli- 
cable for all loops. We will show moreover in Appendix B that precisely this prescription 
is obtained by carefully implementing the same regularization as in the geometrical action 
(|IJJ). Therefore we should expect to find precise agreement with flT8|), which is indeed the 
case. 



5.2 Some integrals 

We use the Schwinger representation for propagators 

1 



k ■ k + m 2 

roc 



dae~ a{k - k+m \ 



o 



do cye~ a{ - k k+m > 

(k-k + m 2 y J 

(93) 

where k ■ k = g^kikj, and put a small mass as an IR regulator. The UV cutoff is conve- 
niently implemented using the following regularization 



1 



k ■ k 



dae- ak - k -^ (94) 



which removes the UV singularity at a = 0. For this regularization we need the following 
integrals: 
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'0 



cr V A 2 ' 



A 2 - 2m 2 log(y ^) + m 2 (2 7 - 1) + Oi^— lo 



m' 



1 -Am 2 L_ „ . 9 •>-,,/„ / 







da^e~ am = 2A 2 m 2 if 2 (2., tl 

cr V A 2 




= A 4 _ m 2 A 2 + m 4 lQg( / A^j _ m 4 (7 _ ^ + Q /m A N 

V m 2 4 V A 2 m/ 

(95) 

where 7 is the Euler constant. We will drop finite terms which vanish for m — > 0, apart 
from those needed to have dimensionless arguments. 

5.3 r<j. 

It is convenient to write (|9~l"D using a Feynman parameter 

•1 1 

dz ■ 



(k ■ k + m 2 )((k + p) ■ (k + p) + m 2 ) J (I ■ I + z(l — z)p ■ p + m 2 ) 2 

f\ /"OO 

= dz daae- a{u+z{1 - z)p - p+m2) (96) 
Jo Jo 

where 

l = k + zp. (97) 

We need 



(2vr) 4 (k ■ k + m 2 )((k + p) ■ (k + p) + m?) 
d 4 k rl r °° 



(2k) 



jo 



P(k) I dz I daae~ a{ll+z{l ~ z)p - p+m2) -^(l-j kep ) 



1 fOQ 

'2\ I 



dz I da a e -*W-*)P-P+™ 2 )-±; \ AL P (j _ zp )( e ' aH - e~ a ^ +il ^) 



Jo 

1 /"OO 

dz / d aa e" a(2(1 " 2)p ' p+ra2) ~ffi 



t/0 



/|L(p (i _ zp)e -«»_p (i _ 2p+i A )e -.,-e). 

We completed the square and shifted the integration / — > / + in the last expression, 
where 

Pi = = fify^'*P* • (98) 
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For our purpose, P(k) is a polynomial which is at most quadratic. We have 

J d A l e~ aH = tt 2 -^, J dH he- aU = 0, 

dHhlje-" 14 = (99) 
2 cr 

since det g^ = 1 . Therefore 

f d 4 k Ak a k b + 2k a p b + 2p a k b + 

PaPb ,-, _ ikQp\ 

J (2tt) 4 (k-k + m 2 )((k + p)-(k + p) + m 2 ) [ 6 ' 

[ dz [°° dae~ a{zil - z)p - p+m2) -^ L aPb \l-Az + Az 2 ) + 2g ab - 
Jo Jo V a a- 



-i n O / / ^ ^ \ faro \ A ~ 1 A ~ / 1 "3(M> o 

1D7T 2 Jo Jo \ a a z 

( 2\ 1 / . 1 — 2,2 1 1 \ 

- MM 1 - 4^ + AZ )- + l{p a Pb + PaPb) o PaPb^T + ^9ab^ ) & ^ 

l — £ dz (2p aPb (l -Az + Az 2 ) (^ (2 V / z(1 -t/ +m I ) - ^o(2 



16vr 2 



z(l— z)p-p+m 2 



(i(PaP6 + PaP6)(l - 2z) + 2~g ab )2 x /(z(l -z)p-p + w?)Kl ff K x {2, 
+2p a p b (z(l -z)p-p + m 2 )A 2 eff K 2 (2^ z{1 ^r +m - 



+2g ab y/{zji -z)P'P + m 2 )A 2 2K l {2^ ^ ^ 

(100) 

This is exact. Note that the term proportional to (p a pb +PaPb) vanishes identically under 
J dz (as it must, because it is not gauge invariant). Here 

A '// = 1/A2^1- ~ = 1/A2 —1 P > =A e//(P) ( 101 ) 

1/A 2 + ±p-p i/a2 + Ip 
is the "effective" cutoff for non-planar graphs, noting that 

2 

P-P = P l pf9 t] = 0"'0 J/ I','l'r!lu = Pm (det g ab ) 1/4 = -n- ■ (102) 

NC 

Now we consider the IR regime 

p 2 A 2 , . 

T^< 1 > (103) 

A JVC 

see figure |[ Then both A and A e ff are large, and we can use the asymptotic expansions 
(H). Thus 

/•!/ 



/" crA; 4fc a fc fe + 2fc a p b + 2p a k b + p a p fe _ 4 

J (2n)* (k-k + m 2 )((k + p)-(p + k)+m 2 ) [ 6 
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Figure 3: relevant IR regime of A e //(p) 

^/^(-^(l-S^log^) 
-2~g ab (Al ff - A 2 + 2(z(l - z)p ■ p + m 2 ) My^) + -) 

+PaPb(^tff ~ - Z )V ■ V + m 2 )Al ff 
-(z(l - z)p -p + m 2 ) 2 \og ^ 



z(l— z)p-p+rre 2 

A 2 



= 16^ ( " 3 1 to ~ ^ ' P) bg (~A?) " 2 ^ b ( A '// ~ A ') 

+^( A e// - ^ • P A eff + ^fgOT " 30 l0g(^)))) , 

dropping finite terms vanish for m — > 0. 



5.4 rf 



Here we have 

rf 4 A; ( e <*i^Pi - 1) 
(2vr) 4 (k ■ k + m 2 ) 



J (2tt) 4 7o 1 ' 
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— 2 (M„ - A 2 + 2 m 2 logt^) - 2 m 2 log(^) 
1 2 (A 2 „ - A 2 ) (104) 



167T 



up to terms of order 0(m 2 ^i — ) which vanish for m — > 0. 



5.5 Effective action 



Combining the above results and using 

F ab {p)F a , b ,{-pYg aa '~g bb ' = 2(p a p a ,A b (p)A b ,(-p)-p aPb ,A b (p)A a ,(-p))~g aa '~g bb ' 

(6F(p))(6F(-p)) = A(p a A a (p))(p b M~p)) (105) 

we obtain the induced action 
r - rW _i_ 

L $ — -L cj> T J- $ 



-^(p)^(-p)^V b iog( T1 -) 



+ l (0F(jp)WF{-P)) (Kff - ~ 6 P -P^lff + (47 - 301og(^)))) 



up to finite terms vanish for m — > 0. This is manifestly gauge invariant. 
To make contact with the geometrical action fl53|), we use the expansions 

A 4 



A 2 // 


= A 2 -p 2 




= A A -p 2 


^) 


lp 2 A 2 







A 6 

+ .. 



which are valid in the IR regime ( |103| ). Now assume first 
A < A NC . 



In this case 

P 



so that we can replace 



(106) 



= 1T4- + - ( 107 ) 



A 6 ^ = ^AV « A 2 P 2 ~ A 2 p-p (108) 



A 4 A 4 



A% f - l -p-pA 2 eff ~ A A - l -p-pA 2 . (109) 
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Then the leading terms are 

r. ~ -t^j^^ {Bmm ^ 

~{eF(p))(9F{-p))p>p 



yy^ J d 4 x (^(6F){6F)+p^F ab d 2 F a , v ^ 
+0(log(A)) + finite), 



using (|23"D and the notation ( j72[) and (|88|) . This coincides precisely with the effective action 
obtained from the induced gravity action fl83|), upon replacing A 2 — ► 2A 2 and absorbing g 
in A. We will show moreover in Appendix B that precisely this prescription is obtained 
by carefully implementing the same regularization as in the geometrical action fllHD - 



If desired, the 0(log(A)) and finite terms can be obtained from ( 106|) . They involve 



higher derivative expressions, and should reproduce (|T7|); we will not verify this here. 
Finally, the constant term — ^ J d A x K A in (|83|) represents the phase space volume of 
states with Ao < A, but is physically irrelevant here. It can be obtained if desiresd using 
the same regularization as above (inserting a test function / for mathematical rigor) 



11 1 /*oo 1 

--Trlog(-Ao)/ = -Tr da - e -«* A ° f 
2 2 2 J a 



2 7 (2*r) 4 m ' 7 a 

- -^ 4 /(S /(M) f rfa ^" 

= Jd t kf(k)S' i '(k)^-^ i Jd l xf(x) (110) 

using a standard rescaling argument, since fd i kf™da±e-° t * k - k -i = 4tt 2 . This can also 
be seen from a theorem by H. Weyl [24] on the asymptotics of eigenvalue distributions. 

Let us summarize the main result from the gauge theory point of view. We obtained 
a simple geometrical explanation of the "strange" IR behavior of NC gauge theory. In 
particular, the hitherto mysterious A 4 divergence reflects the leading term in the density 
of states of a Laplacian coupled to a background metric, and the A 2 terms correspond 
precisely to the Einstein-Hilbert action. From the gravity point of view, perhaps the most 
remarkable point is that the A 4 term is compatible here with the existence of flat space, 
unlike in general relativity. 

Even though we focused on the IR regime here in order to make contact with the 
classical geometry, there is nothing which prevents us from considering the effective action 
also for higher energies. In particular, we obtain a first correction beyond the classical 
Einstein-Hilbert by assuming 
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A ~ A NC - 



If A <C Anc does not hold, we cannot neglect A 6 ^— compared to A 2 p-p ( |108| ), leading 



NC 



to correction terms in the gravitational action compared with the classical result. For 
A ~ Anc, we find 

g 2 1 f j4 /A 4 N2 A 6 - d 2 



2 16vr 2 



r /A 4 A b ff 2 
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The additional term can be written e.g. as 

^(F6)d 2 (F9) ~ aB 2 a (111) 

using (f|H). Note that its A 6 coefficient is somewhat misleading, since it is simply a term in 
the Taylor expansion of A 4 ^ < A 4 . Finally, terms quartic in momentum will arise in the 
action as soon as we violate the IR regime ( |103| ), due to higher-order terms in the Taylor 
expansion of A e ff. In that case, one would enter an entirely new regime which is suspected 
to lead to new types of phenomena and phase transitions ( "striped phase" ) such as those 
discussed in [22,23]. Whether this can be understood in suitably generalized geometrical 
terms remains to be seen. 



6 Conclusion and outlook 

In this paper we perform a nontrivial check for the basic result in [1], which gives an 
interpretation of the u(l) sector of NC gauge theory (in the Matrix-Model formulation) in 
terms of gravity. This provides an explanation of the well-known "strange" IR behavior of 
the NC gauge theory at the quantum level in terms of an induced Einstein-Hilbert action. 
We verified this prediction explicitly by comparing the one-loop effective action induced 
by a scalar field from the geometrical and from the gauge theory point of view. We are 
able to match and explain the precise form of the UV/IR mixing terms of NC gauge theory 
to 0(A 2 ) in the IR limit, including the leading A 4 divergence. This confirms the geometric 
form ( |i~8D for the one-loop effective action in the semiclassical limit, as well as the formula 
(§) for the effective metric. In particular, (|T%| ) provides much more information than the 
2-particle sector usually considered in NC gauge theory. 

The geometric interpretation in terms of an Einstein-Hilbert action applies in the semi- 
classical IR regime. We therefore consider the IR limit p —>■ of the gauge theory where the 
well-known "effective cutoff" for the non-planar diagrams A 2 tt = t 1 1 . _ can be expanded 

in a Taylor series around p = 0. The geometrical picture resp. the Einstein-Hilbert action 
turns out to be valid for momenta pA < Aj^ c . This allows a physically reasonable range 
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of momenta p < A^c, provided we assume a cutoff A < Ajvc- This is a scaling regime 
which apparently has not been considered in the literature up to now. Moreover, we obtain 
correction terms to the Einstein-Hilbert action for an extended range of momenta resp. 
cutoff. 

While the gravitational point of view provides an interpretation and understanding 
of UV/IR mixing, it does not by itself render the theory renormalizable. If we remove 
the cutoff A resp. set A = Auv, the induced gravitational action diverges and cannot 
be absorbed by adjusting the bare parameters. However, this insight does suggest a 
way how to make these models well-defined and physically meaningful, by ensuring that 
there really is a cutoff A < Ajvc*. One natural way to achieve this is to make the model 
super symmetric, with spontaneously or softly broken supersymmetry. This should result 
in a well-defined NC quantum field theory, which contains (emergent) quantized gravity 
as an intrinsic part. There is indeed an obvious candidate for such a model, namely the 
IKKT model [25], interpreted as = 4 NCSYM in 4 dimensions. This model can be 
modified e.g. by adding soft SUSY breaking terms. Interestingly enough this provides a 
direct link with string theory, which may provide further new insights; see also [26,27] for 
related work. 

Emergent NC gravity therefore provides a new, rather direct link between gravity and 
gauge theory in 4 dimensions. Some aspects of this relation have been discussed in [3]. 
We make this relation explicit by expressing the curvature scalar R[G] in terms of U(l) 
gauge fields. This could be extended to arbitrary n-graviton scattering amplitudes, as 
long as the class of geometries covered by (Q) is appropriate. Whether this can be related 
to other proposed relations between gravity and gauge theory such as [29] remains to be 
seen. UV/IR mixing for NC gauge theory can now be understood as a relation between 
the gravitational IR regime of the model and the UV regime which is interpreted in terms 
of gauge theory. A possible relation with different attempts [30] to identify gravity within 
the IKKT matrix model is unclear at present. 

While some considerations in this paper are mathematically justified only in the Eu- 
clidean case, the main ideas apply equally well to the case of Minkowski signature. There- 
fore the issue of Wick rotation should be re-investigated using the specific assumptions in 
our context, in particular the restriction to the IR regime ( |103| ). Furthermore, we only 
consider the U(l) case in this paper for simplicity (which means pure gravity); the exten- 
sion to nonabelian gauge fields was given in [1] . Nevertheless the one-loop quantization of 
a nonabelian scalar field should be worked out explicitly in the same regime, since it will 
not only lead to an induced gravity action but also to the (standard) renormalization of 
the SU(n) gauge fields. We recall that the UV/IR mixing is restricted to the U(l) sector. 

Finally, the present computation is a first step towards a complete one-loop computa- 
tion of the effective action, which then allows to study the physical aspects and viability 
of emergent gravity. In particular, the cosmological constant problem is expected not to 
be present or much milder, since flat space remains to be a vacuum solution at one loop. 
This should provide enough motivation for further work. 
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7 Appendix A: Computation of h ab R a b 

We compute the leading contribution to h ab R ab . To first order in A, one finds 




-h uh B a B b F uh + ^e a h d c d h F cb + l -e b h B c d h F c 



(112) 



Contraction with the fluctuation of the metric gives 




rn 




(113) 



where we have used (up to 2nd order in A) 




ca 



(114) 



hence 




(115) 
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2 / <i ] -rt) !!n fr af F mn d c d f F ca = -2 J d 4 x9 na 9 mf BfF mn d c F ca 

d 4 x6 na 9 mf d n F fm d c F ca = j d 4 x9 na 9 m ^d c F fm B n F a 



i f d 4 x9 na 9 m fd c F fm d c F na = i / d A x9 na 9 m fd c d c F mf F na 



= _y d 4 x « m ^an<9 c F /m = y d 4 x9 na 9 mf d c d c F na F mf 

8 Appendix B: Regularization for the gauge theory 

Consider the one-loop effective action in terms of the gauge field A: 

= ^Tr(log^ - log^Ao) = ^ (e" a|AA - e"^ A °) e"^ 

where the small a divergence is regularized as in ( |i5|) using a UV cutoff A. To obtain the 
expansion in A we use the Duhamel formula (cf. [31]) 



e 



-aH_ e -aH° = _ T ^-t^y^a-t,)^ 

Jo 



dh P dt 2 e- t2H °Ve-^ H °Ve-^ H ° + ... (116) 
o Jo 



where H = H + V. Now 

rti 



r dtl f 1 dt 2 Tr(e-^ H0 Ve-^ H0 Ve-^ H ° 
Jo ^ Jo Jo v 

= |°°^ J a dt > dt l Tr{Ve- t ' H0 Ve-^ H °)e~^ 
= f^ f dt> (a - t')Tr {y e^' H ° V e~^ H °) 

= rda r dt „ t „ Tr s t ,, H o Ve _ {a _ nHO 

Jo a Jo v 



i 

e 



e"^ (H7) 



where t' — t% — t 2 and t" = a — t' . Combining the two last lines we obtain 



i 



Jo " Jo Jo v 
= ~ j rfay d?Tr(ye-«' H0 Ve-t a -* r > H °}e-& (118) 
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so that 



r* = ±/ daTi{Ve~ aH °)e-^ -- da dt' TV ye-^Ve"^'^ e"^ . 



Here Tr denotes the trace of operators acting on the scalar field on M.j, which is conveniently 
written in momentum basis = J <3>(p) e tPaX " . Using 

{H Q U= l -{^) Ptq = l -p 2 5 m (119) 

and 

e ikx e ilx _ e -%h0l e i(k+l)x (120) 

on M.q, the interaction term becomes 

(<j>\v\<j>) = J 'A(^[4# s6 -yKi]K,#j 

= / (2^(^)4 (*(p)' (Pa + ga)^(p ~ g)^ sin(- jj^g)) 0(g) 
+ J j^ 4 <P(py(^A a (l)A b (p-l- q )r b 2s^ 

S f<£^W™<). (121) 
Keeping only quadratic expressions in A, we obtain 

Tr(Ve- H °) = £J ^L Aa (l)A b (-l)r b J ^ (4 sm^-Wp^" (122) 



and 



Tr(Ue^Ve-^'^) = J (g (p a + ga )^(p - sin(-^g)) 

(0 (Pa + ?a)A(? - p)g ab i sm(~q0pf) (q -*' } 
= 9 2 J ^MP)9 ab AA-V)~g a,b ' J ^(p« + 2?a)(p«' + 2?«0 
sin 2 (-Vg) e"^ 2 *'^(p+<7) 2 («-*') . (123) 

Altogether we obtain 

dA P a /„\ a , „\~„ab f d4k .2/ 1 „/,,.x .-^ 2 «-4, 



^sin 2 (-p^) jf 

~T / ^Mpr9 ab M-p)~g a ' b ' J 0^(p a + 2k a )(p a/ + 2k a/ )sm 2 ( 1 - P ek) 

poo pa. 

/ da dt'e-^t'-^f^e-^. (124) 
Jo Jo 
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The first term contains the expected Schwinger parameter, and the second term involves 

oo pa poo pa 2 

,1^1(^)2(^)1/ / l a(fc+ | p) 2 + l ( i._ j9)p . p _^ 



Jo </o Jo 

where (3 = a — t'. Define 

l = k + zp, z = - (125) 

a 

so that 

oo pa roc i*\ 

da dt' e^ k2t '~^ 2 ^e-^ =4 da' a' / dz e -'« 2 +*a-W)-^ 
o </o </o io 

where 

a' = a/2. (126) 

Now 

sin 2 (^p) = hi - cos{k6p)) ~ ~(1 - e ifeep ) (127) 

provides the distinction between planar and non-planar diagrams; the latter replacement 
is justified under the integrals in the present context. Thus we end up exactly with the 
regularization in section [5], 



* = 9 



2a' A 



7 4^ AMM ^ )9 *I wr^-^r^'^ 

■J J J^j- i Mp)9 ab M-p)g" V J (P. + 2*.)0v + 2*w)(l - e mp ) 

"OO /"l 

daV / e -«'a 2 +-(i-)p-p)-^ } ( 128 ) 



'0 ./o 
with A 2 replaced by 2A 2 . 
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